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In the last few years an increasing number of hadron mass formulae and, recently. 
of speculations about the whole hadronic mass spectrum have been publ ished--al l  
of them baaed ()n group-theoretical  considerations, quark models or the like. 

XVe present here a different approach- -a  kind of asymptotic boots t rap--resul t ing 
from the r thermodynamical  m o d e l ,  and dealing only with the spectral density q(m). 
The model has b(,cn described in three papers (i): Statistical Thermodynamics of 
Strong Interact ions at High Energies, I, I I ,  I I I :  the present consideration is a small 
but  basic part  of it. 

In the thermodynamical  model we describe highly excited hadronic mat ter  by rela- 
t ivist ic quantum-stat is t ical  thermodynamics,  allowing arbitrary absorption and creation 
of hadrons (and antihadrons) of all kinds, including all resonances. As the spectrum 
of resonances cannot be limitcd, we take into account all of them, even the not yet 
discow, red ones. I t  goes as follows: we introduce one common name: ~ f i rebal ls ,  for 
all hadrons and postulate [thc feed-back arrow is most important!J :  

A fireball is 

(T) 
~ n u  -~ a statist ical  equil ibrium of an undetermined 

mber of all kinds of fireballs, each of which, 
in turn, is considered to be 

V 
Wc forget about complications like collective motions (in noncentral collisions) and 
imagine ideal equilibrium (realistic fireballs are discussed in (II)). One writes down 
the part i t ion function Z(V, T) for a gas consisting of an undetermined number of all 
kinds of particles (fireballs) which must  be labelled, fo~ instance, by their mass m. 
In calculat ing Z one has to sum over all single-particle momentum states, over all 
possible numbers of particles (bosons 0 ... c~, fermions 0, i) and over all possible 
kinds o] particles (hadrons and an t ihadrons) - - the  latter is done by introducing the 

(~) R.  IIAGEDOR.'~: ~Uppl. NuOvo Cim~nto, 3, 147 (1965) (I) ;  R.  tt~GEDOR~ and  J .  RA.~TT: to be 
s u b m i t t e d  to t he  Suppl. Nuovo Cimenio, a p r e l i m i n a r y  r epo r t  was  g iven  in CER.N ~ T H .  715, 30 Sep- 
t e m b e r  1966 ( I I ) ;  R. I~AGEDOR.~': tO bO publ ished in Suppl. Nuovo Cirnvn~, C E R N  p rep r ln t  T I L  751 ( I I I ) .  
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number of hadron states between m and m §  din: namely, e(m)dm. Wi th  this (un- 
known) function ~(m) the par t i t ion function becomes (see (I)) 

(la) 

co 

0 

with a known function _F(m, T). On the other hand, Z can be wri t ten (see any  book 
on statistical mechanics) 

c o  

(lb) Z ~- f a(E) exp [--  E/T] d E ,  

0 

where a(E) is the number  of states between E and E - b  dE of the fireball considered; 
as for this fireball E ~ m (we stay in its rest frame) we can say as well tha t  we have 
for our (( main ~> fireball a(m) dm states in the mass interval  (m, din}. Now ~(m) is the 
number of hadron states in the interval  (m, din} and if our postulate (T) is applied it  
follows that  asymptotically Q(m) and a(m) must  become somehow the same. A detailed 
discussion (see (I)) reveals tha t  one cannot  require more than  that  

(2) loge(m) =~ 1,  
log a(m) ~-~= 

which says that  for m-§ c~ the entropy of a fireball is the same function of its mass, 
as is the entropy of the fireballs of which it is composed; this implies tha t  all ]ireballs 
are on an equal looting. 

We now equate the two expressions (la) and (lb) and require s imultaneously (2) 
to be valid. I t  is shown in (I) that  F(m, T) falls off asymptotically like m j exp [--m/T] 
and that  therefore 

(le) Z =~ exp I e(m) exp [-- m/T] dm ~ (m) exp [-- re~T] din. 

0 0 

This is consistent with the bootstrap requirement  (2) if and only if 

const 
(3) ~(m) =~ exp [re~To] (*) 

I t  follows that  T O is the highest possible temperature--a kind of (~ boiling point  of hadronic 
matter  ~ in whose vicinity particle creation becomes so vehement tha t  the temperature  
cannot increase anymore, no mat ter  how much energy is fed in. 

An immediate consequence is a Bol tzmann-type momentum distr ibut ion (asymp- 
totically ~ c x p [ - - p _ J T ] )  with T ~ T  o, but  never larger than ToT. This explains why 

( ' )  I t  is no t  possible to h a v e  th i s  ~(m) c u t  off s ome wh ere  because  th i s  wo u ld  i m p l y  two  t y p e s  of 
essent ia l ly  different  fireballs: one w i th  a l m o s t  e xpone n t i a l  dens i ty  of s ta tes ,  t h e  o th e r  w i t h  a s y m p t o t i c a l l y  
van i sh ing  dens i ty  of s t a t e s  a n d  bo th  would  c o n t r i b u t e  a n d  exis t  on a n  equa l  foot ing;  th i s  is incons i s ten t .  
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the transversal  momwntum distr ibu(ion in high-energy jets is practically energy-inde- 
pendent  (for all details and possible deviations see (|I)). 

Back to the mass spectrum: Q(m) counts each s~ate (spin, etc.) separately and 
includes antiparticles. If one smooths out the experimental mass spectrum (2), one 
obtains our figure in which an exponential  increase is seen in the region ~ 1000 ,'VleV. 
i.e. in tha t  region where we know almost all resonances. Extrapolat ing the experi- 
mental  curve with an expression having the required asymptotic behaviour (3) yields 

(4) To = (160 _ 10) MeV 

and with this value excellent: fits (ranging over 10 orders of magnitude) to the momentum 
spectra and multiplicities in high-energy production processes are obtained (see (II)). 
It  is then only natura l  to expect (a) the form factors to decrease like ~ cxp [ - -  x/it]/4To]. 

We treat hadrons as self-consistently infinitely composed of all other hadrons-- this  
is what (T) says. If all hadrons are vi r tual ly  contained in each of them, it is natural  
to assume that  all phase relations between the infinitely many contributing amplitudes 
wash out and that  therefore statistical thermodynamics is adequate to treat this asymp- 
totic bootstrap. Although the technique is unconventional ,  it is not so far from the usual 
ones as one might th ink;  an in t imate  relation between the mass spectrum and the 
momentum distr ibution in multipart icle production seems unavoidable in any theory, 
and the Gibbs-ensemble description with fixed T somehow resembles the off-shell effects 
because the masses of fireballs present at temperature T extend to oo (with exponentially 
falling weight). 

I t  will be impossible to prove or disprove our mass density (3} by direct experiments, 
because the density increases exponential ly and the production cross-section for each 
individual  resonance decreases exponential ly with m- - bo t h  mechanisms act in common 
against the experimenter.  

Any  (~proof, of (3) will be indirect, but  the internal  consistency of the thermo- 
dynamic model and the good agreement of its predictions with an enormous amount  
of experimental  data (see (II) and (III)) is a strong indirect support. In this re.~pect, 
it is relevant that  in the applications of the model ((II) and (III)) the asymptotic mass 
spectrum is used explicitly in integrals over m extending to oo. 

Recently, two papers (4) have been presented which use conventional quantum- 
mechanical techniques to construct infinitely composed, self-consistent hadrons. A 
var ie ty  of different model assumptions were shown to lead to one common behaviour:  
the form factors fall off asymptotically like exp [ - -cons t  x / n ]  in complete analogy 
with our result on momentum spectra. I t  seems then that the so~e reqteiremeut o] sell- 
consistent infinite composedness is sufficient to produce these asymptotically exponential 
laws ]or mass spectra, momentum distributions and form factors--at least this is strongly 
suggested by the fact that  the thermodynamical  model does not make any other assump- 
t ion and that  in the papers by STACK and ttARTE this assumption was the only one 
common to their various models. 

In  future, one should distinguish the , vicinity of the boiling point of hadronic 

(t) A .  H .  ROSEh'FELD, A .  ]~ARBARO-GALTIERI, J .  PODOLSKY, L. R .  PRICE, P .  SODING, C. G. WOHL, 
M. R o o s  a n d  W .  J .  WILLIS:  Rev. ]tIod. Phys., 39, 1 (1967).  

(*) T.  T.  W u  a n d  C. N.  YANG: Phys. HEY., 137, B 708 (1965). 
(a) j .  STACK: Rapidly decreasing form factors and infinitely composed particles, U n i v e r s i t y  of Illinois 

p r e p r i n t ,  J u n e  1967;  J .  HARTE: Crossing-symmetric bootstrap and exponentially fallinu form factors, 
U n i v e r s i t y  of California preprint, A u g u s t  1967.  
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m a t t e r  ~> (*) where  T - > T  o and  E--* oo a n d  where  l i t e ra l ly  all had rons  merge  in to  each  
other.  I t  follows f rom the  small  va lue  T 0 ~ 160 MeV (some 10 ~ ~ t h a t  E -* oo means  
in th is  respect  E above  some 10 GeV (for  q u a n t i t a t i v e  re la t ions ,  see (II)) .  

We conclude this  l e t te r  wi th  a c u r i o i s t y - - o r  perhaps  not  a cur ios i ty .  Consider  a class 
of fireballs f,~) wi th  roughly  equa l  mass m~, ~, composed  of quarks  and  an t iqua rks  (alto- 
ge ther  n of t h e m  (n large)).  As /he  qua rk  has  12 s ta tes  ( S U  3 • SU= •  con- 
juga t ion)  th is  class of fireballs will  h a v e  12" possible s ta tes  ( i =  1, ..., 12") if  one 
assumes tha t  each quark  is in the  g round  s ta te  re la t ive  to all o thers  (cont ra ry  to cur ren t  
models  where,  e.g., orbi ta l  m o m e n t a  are  discussed:  here  too  t h e y  might, be  bui l t  in if  
one t r ies  harder) .  Assume fur ther  t ha t  (as in nuclear  physies) each of t hem con t r ibu tes  
roughly  the  same and n - independen t  a m o u n t  Am to the  ave rage  mass <m>, of these  
fireballs, hence 

(5) <m>,,= Am.n .  

The number  of fireballs of mass ~ <m>. becomes  then  for large n 

(6) z(m) ~ 12" : exp [n log 12] ,  

Am can be e s t ima ted  by  using the  me- 
son 35-plet and /or  t i le  ba ryon  56-plet 
and t ak ing  the  average  mass of each 
of these  mul t ip le t s :  

<m3s> . <m~,> 
(7 )  , ~ m  . . . . . .  ; 

2 3 

we find wi th  <m35 > "-~ 700MeV and  
<mss> "-" 1050 MeV 

[<m>] 
(81 e pL]4oj, <m> in UeV.  

Fig. 1. - The  e x p e r i m e n t a l  mass  s p e c t r u m  
smoo thed  b y  Gauss  func t ions  (dashed lines) 
and  a fit by  a s imple  funct ion  wi th  the  
a s y m p t o t i c  b e h a v l o u r  r equ i red  by  eq, (3). 
The  c o n s t a n t  a is a f ree p a r a m e t e r  (wi th  a 
va lue  sugges ted  b y  a pr ior i  considerat ions) ,  
a = 2 . 5 3 ' 1 0 ' ( M e V )  | ,  m~ = 500McV,  T.  = 
= 1 6 0 M e V .  a) October  1964 (609 s ta tes ) ;  
b) Apr i l  1966 (971 s ta tes ) ,  c) J a n u a r y  1967 
(1432 s ta tes ) ,  A par t i c le  or resonance  is 
coun ted  wi th  i ts  s t a t i s t i ca l  we igh t  z = ( 2 j  + 
+ 1)(21 + 1).2 a [a = 1 if par t ic le  # a n t i p a r -  

t icle,  a = 0 if p a r t i c l e ~  an t ipar t ic lc ] ,  a n d  
then  r ep re sen ted  b y  a Gauss  funct ion  nor- 

ma l ized  to z w i t h  w id th  200 MeV. 

o r  
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( ' )  For  s y m m e t r i e s ,  e tc . ,  one b e t t e r  looks a t  the  �9 v i c i n i t y  of t h e  f reez ing  po in t  ,, so to speak ;  n a m e -  
ly where  m o s t  channe ls  a re  f rozen in.  
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I t  might be an accident that  this is the leading term of (3) with a reasonable value of To. 
(It might be no accident.) 

That  this value is 140 MeV instead of 160 MeV as in the experimental spectrum 
causes z(m) to grow faster than  ~(m)--as it indeed should, because in our above class 
{]~)} of fireballs objects with fractional charge and/or very large spin and isospin (up 
to n/2) arc contained, which are not realized in the so far known experimental mass 
spectrum. El iminat ing such states by means of supplementary conditions will, for large n, 
not  spoil the exponential  increase of the number  of states, but  make th~ slope smaller. 

There is no contradiction in considering a fireball as built  of fireballs and at the 
same time as built  of quarks--superfluid helium is understood only if considered as a 
boson liquid, bu t  after all i t  ~really ~ consists of fermions: such pictures are 
complementary. 


